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Summary
 Higher form symmetry   1-form symmetry   center symmetry 

 this talk  

Gauging center symmetry (nondynamical background fields) leads to 
new ’t Hooft consistency conditions, due to new mixed anomalies 
involving center symmetry - missed in the 1980’s!

These consistency conditions constrain IR phases of gauge theories 
to be “nontrivial.”

They also imply that, whenever domain walls exist, their worldvolume 
physics is quite nontrivial: discrete version of “anomaly inflow.”

1.

2.

3.

Examples in talk are from my work and the others’ mentioned above.
 (Many works on other anomalies involving 1-form symmetries.)



REMINDER: ’t Hooft consistency conditions
SU(3)-color  QCD with 2 massless fundamental flavors 

imagine, e.g. gauging SU(2)L L-quarks = 3 SU(2)   fundamentalsL 

UV: 

not a triangle, Witten anomaly, Z   valued)’t Hooft:
anomaly

IR: 
massless baryons  1 SU(2)   fundamentalL 

massless pions chiral broken 

 MORAL: ’t Hooft anomaly matching constrains any fantasy IR phase!
remarkably, discrete 0-form/1-form analogue, missed earlier 
Gaiotto, Kapustin, Seiberg, 
Komargodski, Willett, 2014-… :   “Dashen phenomenon”=mixed CP-center anomaly

2
 RG invariant

or



 Higher form symmetry   1-form symmetry   center symmetry 

2D compact U(1) with charge-N
massless Dirac
“charge N Schwinger model”

4D SU(N) with 

massless Weyl adjoints
= SYM

“       QCD(adj)”

remarkably alike

axial anomaly

and
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= SYM

“       QCD(adj)”

remarkably alike

Qtop.

axial anomaly

is unity when anomaly free
discrete chiral phase

  (likewise, 4D QCD(adj) has   global chiral symmetry)

and



 We want to know what 
charge-N Schwinger model or QCD(adj) “do” in the IR? 

assisted by claim:
There is a mixed anomaly between 

discrete “0-form” chiral, present in both models 

discrete “1-form” center, present in both models

This is especially easy to see on the lattice - and we’re at a lattice meeting.

 (N.B.: lattice is not required; i.e. entire story is not a lattice  artifact! 
Continuum version requires introducing gauge bundles 
and transition functions on general manifolds.)



Take 2D lattice, charge-N matter, compact U(1): 

well known… new name: “global 1-form            center symmetry”

does not act on local observables (plaquette              clearly invariant)

parameters: mod N integers, x-independent

only acts on (topologically nontrivial) Wilson lines: “1-form” symmetry

(same in 4D QCD(adj), except we have                        ) 



In the 2D charge-N matter, compact U(1), both discrete chiral and center 
are exact global symmetries, like the chiral symmetry of our QCD ex.

In the spirit of ’t Hooft, let’s now attempt to gauge the center. 

acts on links

make parameter x-dependent
plaquette no longer invariant, need a             gauge field on plaquettes 

an integer (mod N)

“2-form”          gauge field

gauged 1-form center: r.h.s. has 1-form center gauge invariance



in the theory with 1-form center gauge invariance

consider a simple background (suffices!)

phase on a single
 plaquette only

nonzero aka “center vortex” or  
“’t Hooft flux” background

this                background explicitly breaks            chiral: anomaly!     

to see, recall: 

by periodicity in continuum limit

in theory with gauged center, use         gauge invariant def. of Q top.

in unit ’t Hooft flux background moral: gauge center -> fractional topological charge



recall measure transform under anomaly-free chiral:

in theory with gauged center

gauging               explicitly breaks           : : mixed ’t Hooft anomaly!     

 phase in chiral transform of partition function IS the anomaly 

 the phase is independent on torus size, it is RG invariant, same in IR!

if the IR theory is gapped and has a trivial (unique) ground state,
nothing to transform under chiral, no way to match anomaly in IR
hence IR theory must have “something” transform under chiral,
so can not be trivial

(phase not a variation of a local 2D (4D) term, but of a 3D (5D) CS term same at all scales)



Options for matching the mixed 0-form/1-form anomaly in the IR:

- IR CFT?
- breaking of the 0-form and/or 1-form symmetries

anomaly is matched by a TQFT describing breaking [ex. follows]

- TQFT not related to breaking [Juven Wang…]

In the charge-N Schwinger model, one can show that:

broken to Z   fermion parity, so there are N vacua  2

operators 
center/chiral symmetry center/chiral symmetry algebra:

shows anomaly: if center gauged, chiral not invariant!

Anber, EP 1807.00093
Armoni, Sugimoto 1812…

-1)(



In the 2D charge-N Schwinger model, one can show that:

broken to Z   fermion parity, so there are N vacua  2
In each vacuum, the spectrum is gapped - a massive boson, as in 
in charge-1 massless Schwinger model. So, what matches anomaly?

A TQFT, a “chiral lagrangian” describing the N vacua. This is usually not
trivial to get from the UV theory, but here it is (will not go through, just give flavor).

fermion bilinear  ̄+ � in this theory is given by

 ̄
a

+ �b = µh
a

b
e
�i

q
4⇡

N�1� , (4.1)

where µ is a normalization scale and h and e
�i

q
4⇡

N�1� are bosonic fields, SU(N �1) and U(1)

group elements, respectively. In the gauged U(1)⇥SU(N�1) theory, if the fermions are very

light or massless (as is the case in our worldvolume theory), the h and � sectors of the theory

become strongly coupled and acquire a mass gap. The correlators he
�i

q
4⇡

N�1�(x)e
i

q
4⇡

N�1�(y)i

and
⌦
trh†(x) trh(y)

↵
approach constants, determined by the strongly coupled dynamics [54]21,

in the limit |x � y| ! 1. This, in turn, implies that
⌦
tr ̄+(x) �(x) tr ̄�(y) +(y)

↵
⇠

constant.22 Therefore, from cluster decomposition, we conclude that

htr  ̄+ �i 6= 0 : Zd�

2N ! Z2 , (4.2)

breaking the Zd�

2N discrete chiral symmetry (2.20) to fermion number Z2. Similar arguments

apply to the k-wall theory, but the bosonization rules are more involved [40, 41] and we

simply assume (4.2) holds. We note that tr  ̄+ � is the only fermion bilinear which is gauge

and Euclidean invariant (it equals tr + � in the axial worldvolume theory of (2.16)). The

scenario (4.2) with broken discrete chiral symmetry is similar to what was rigorously shown

to be the case for N = 2, where only k=1-walls exist [15].

If (4.2) is true, the IR limit of the DW theory is “empty” with no massless degrees of

freedom. Thus, the mixed anomaly has to be matched by a TQFT describing the N vacua.

Recall from (2.33) that the mixed anomaly (2.30) can be obtained from the variation of the

3-D Chern-Simons action, (2.34), which we repeat here, taking k = 1:

S3�D = i
2⇡

N

Z

M3 (@M3=M2)

2NA
(1)

2⇡
^
NB

(2)

2⇡
, (4.3)

under �Z2NA
(1) = d�

(0), with �(0)|M2 = 2⇡
2N in a background

R
M2

NB
(2)

2⇡ = p.

A 2-D TQFT whose quantization gives rise to N vacua and matches the anomalous

variation of (4.3) is, see [48]

S2�D = i
N

2⇡

Z

M2

'
(0)

da
(1)

. (4.4)

The action (4.4) has two gauge symmetries, one shifting the scalar '(0) by 2⇡Z (this gauge

symmetry can be thought to be responsible for its compactness) and the other a usual 0-

form gauge transformation of the one-form gauge field a
(1). The gauge field a

(1) is compact,H
da

(1)
2 2⇡Z. The gauge invariant observables are e

i' and e
i
H
a
(1)

and powers thereof, with

21For a calculation of the condensate in the large-N limit, see [55].
22Notice that the gauging of the U(1) factor is crucial for this conclusion. As the above is a finite-N

consideration, a nonvanishing condensate breaking a continuous global symmetry (the anomaly free chiral

U(1) of 2-D QCD) in 2-D would contradict the Coleman theorem [56].
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�(0) ! �(0)
+

2⇡

N

a(1) ! a(1) +
1

N
✏(1)

Yq = ei
2⇡
q ⇧̂a

eia ! ei
2⇡
q eia

Wq1(x2) ! ei
2⇡
N pWq1(x2)

Z(1)
N

✓ = ⇡

mW ⇠

Z(0)
N 2 Z(1)

N

1

g2NT

T � ⇤

Z(0)
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chiral center 

- compact scalar and compact U(1) 

correlation function (on R2) hei'(x)ei
H
C a

(1)
i = e

i
2⇡
N lx,C , with lx,C the linking number of x and

C (the N -th powers eiN', eiN
H
a
(1)

have trivial correlation functions).

The action also has 0-form and 1-form global symmetries. The '
(0) compact scalar

(
H
d'

(0)
2 2⇡Z) shifts under the 0-form global ZN as '

0
! '

(0) + 2⇡
N
; the action remains

invariant due to a
(1) flux quantization. This scalar can be thought of as describing the

phase of the fermion condensate (4.2). The a
(1) gauge field shifts under 1-form global Z(1)

N

as a
(1)

! a
(1) + 1

N
✏
(1), where ✏

(1) is a closed form with
H
✏
(1)

2 2⇡Z. The gauge invariant

observables ei' and e
i
H
a
(1)

transform by ZN phases under the global 0-form and 1-form ZN

symmetries, respectively: ei' ! e
i
2⇡
N e

i', ei
H
a
(1)

! e
i
1
N

H
✏
(1)
e
i
H
a
(1)

= e
i
2⇡Z
N e

i
H
a
(1)
.

The TQFT (4.4) can be thought of as a “chiral lagrangian” describing the IR physics

of the N chiral-symmetry breaking vacua (the assumed vacua (4.2) are gapped). This can

be seen more explicitly upon quantizing the TQFT (4.4) on a finite spatial circle S1. In

the temporal gauge, a(1)0 = 0, one obtains the quantum mechanical action23 for the compact

variables a(t) ⌘
H

S1
a
(1) and '(t):

SRt⇥S1 =
N

2⇡

Z
dt '

da

dt
, (4.5)

leading to the canonical commutation relations ['̂, â] = �i
2⇡
N
, a vanishing Hamiltonian, and

the centrally extended algebra24 e
i'̂
e
iâ = e

i
2⇡
N e

iâ
e
i'̂; as already noted, e

iN '̂ and e
iNâ are

trivial operators. The Hilbert space, treating '̂ as coordinate, is that of N states |P i such

that ei'̂|P i = |P ie
i
2⇡P
N and e

iâ
|P i = |P + 1(modN)i.

The |P i states are the N finite volume ground states due to the breaking Z
d�

2N ! Z2

(4.2), described by the expectation value of '. On the other hand, a, the spatial Wilson loop

of N -ality one, is an operator facilitating transitions to a neighboring vacuum. As in the case

of the Schwinger model (N = 2) there are no physical (i.e. an intrinsic part of the gauge

theory dynamics) DW in the k-wall theory. The role of DW on the k-wall worldvolume is

played by insertions of static Wilson loops ei
R
Rt a

(1)

, which are now defects localized in x, in

the path integral. The correlation function he
i'(x)

e
i
H
C a

(1)
i = e

i
2⇡
N lx,C discussed earlier, taking

a loop C consisting of two infinite lines some distance apart (or, consider a compact time

direction and have C consist of two Wilson loops winding in opposite directions around Rt),

implies that one finds neigboring vacua of the DW theory on the two sides of the static unit

N -ality defect.

We pause to note that essentially the same picture—di↵erent vacua on the DW world-

volume are separated by probe quarks—was found, by an explicit semiclassical analysis, to

23The spatial Wilson loop of the compact U(1) field a
(1) is a compact variable, due to large gauge trans-

formations around the S1. Gauss’ law in the temporal gauge implies that ' ⌘ '
(0) is independent of x. Note

also that the action (4.5) is written in Minkowski space, hence the absence of i.
24In ref. [15], we explicitly showed that, in the charge-N massless Schwinger model, this is the algebra of the

operators implementing discrete chiral and center symmetry transformations. One can thus view this map as

an explicit derivation of the IR TQFT from the microscopic physics.
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iâ
e
i'̂; as already noted, e

iN '̂ and e
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iâ = e

i
2⇡
N e

iâ
e
i'̂; as already noted, e

iN '̂ and e
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23The spatial Wilson loop of the compact U(1) field a
(1) is a compact variable, due to large gauge trans-
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(0) is independent of x. Note

also that the action (4.5) is written in Minkowski space, hence the absence of i.
24In ref. [15], we explicitly showed that, in the charge-N massless Schwinger model, this is the algebra of the

operators implementing discrete chiral and center symmetry transformations. One can thus view this map as
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- gauge invariant operators (same algebra)

TQFT:  N-dim Hilbert space,  the N vacua 

Claim: upon gauging 
center, chiral transform 
shows anomaly; explicit…

Anber, EP 1811.10642



So in 2D all seems nice and explicit (solvable model!), but we’re at a
“lattice-BSM” meeting… so let’s go back to 4D.

discrete chiral

center

to detect mixed anomaly, take                   on shown plaquettes 
center v-x localized in x1,x2, along x3,x4

center v-x localized in x3,x4, along x1,x2
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discrete chiral

center

to detect mixed anomaly, take                   on shown plaquettes 
center v-x localized in x1,x2, along x3,x4

center v-x localized in x3,x4, along x1,x2

topological charge  

center-gauge invariant 



So in 2D all seems nice and explicit (solvable model!), but we’re at a
“lattice-BSM” meeting… so let’s go back to 4D.

discrete chiral

center

to detect mixed anomaly, take                   on shown plaquettes 
center v-x localized in x1,x2, along x3,x4

center v-x localized in x3,x4, along x1,x2

topological charge 1/N! 

- - - - - - - - - 
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discrete chiral

center

thus, upon gauging the center symmetry 

phase
is

’t Hooft anomalies for QCD(adj) to match

 discrete chiral lost:

(+ center-gravity subtlety for nf=2 - ask Juven Wang)



various recent solutions + important studies and subtleties clarified

Anber-EP; Cordova-Dumitrescu; Bi-Senthil; Wan-Wang, Ryttov-EP   

the new features, for nf=2 and nf=3
“confinement without continuous chiral 
symmetry breaking, but with discrete chiral breaking”

- center unbroken (confinement) 
-               unbroken  
-              broken to - N vacua

 … are these phases realized? are they “likely”? …. we don’t know

in a theory with no gauge fields in IR,
discrete chiral breaking needed
to match chiral/center anomaly

important new message re. anomalies

6

nf IR Phase Intact c� sym. Intact d� sym. Intact center sym.

� 6 Free Yes Yes No

5 Fixed point Yes Yes No

4 Fixed point Yes Yes No

3 Confinement, massless composite fermions Yes No Yes

2 Confinement No No Yes

1 N =1 SYM — No Yes

0 Pure YM — — Yes

TABLE II. The IR phases of adjoint QCD with nf Weyl flavors.

Summary of proposed (nf ,nc) phase structure of
adjoint QCD: Having now filled the gap for the nf = 3
theory with a candidate phase we cannot help but briefly
discuss some important characteristics of the emerging
possible phase diagram in the (nc, nf ) plane (we ignore
any possible issues regarding large nc in what follows).

Consider keeping nc fixed and vary nf . For nf > 5 the
theory is IR free and all 0-form global symmetries are
unbroken. The 1-form center symmetry is broken, due to
the perimeter law for the fundamental Wilson loop. As
we lower nf to nf = 5 and nf = 4 the theory is an inter-
acting conformal field theory (CFT) in the IR, again with
all 0-form (1-form) global symmetries unbroken (broken).
Then at nf = 3 massless composite fermions are formed
and discrete chiral symmetry is broken, while continuous
chiral symmetry is still unbroken. The theory confines
fundamental charges and the 1-form center symmetry is
restored. In addition there is a TQFT, originating in the
discrete symmetry breaking, to match the mixed Z2nfnc -

Z(1)
nc anomaly. Then at nf = 2 the likely [2] (but see

also the alternatives enumerated in [4]) scenario is that a
fermion bilinear condensate is formed, breaking both con-
tinuous and discrete chiral symmetry. Finally, the nf = 1
theory is supersymmetric pure Yang-Mills theory with
confinement and discrete chiral symmetry breaking.

Loosely speaking, we see that as we lower nf the the-
ory prefers to break more and more of its global 0-form
symmetries. This is somewhat reminiscent of the (nf , nc)
phase diagram of N = 1 supersymmetric QCD with fun-
damental chiral supermultiplets and may be, heuristi-
cally, what one expects. In Table II we provide a sum-
mary of the di↵erent IR phases.

nc. So as we depart from nc = 3 in theory B (nf = 5) we enter
a new phase (the conformal window) at some finite nc before we
arrive at infinite nc. The details of what specific value of nc we
enter the conformal window is inessential; it happens somewhere
along the way in theory B as we move nc from three towards
infinity. The same picture should also be valid for the nf = 4
case since there theory A is also believed to be at a non-trivial
IR fixed point without a bilinear condensate and that feature is
also expected to hold at any nc.
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Notice, discrete chiral breaking also in “vanilla” phases with                  broken to SO(n )  

Thus domain walls (DW) are a generic feature, no matter fate of SU(nf).

rich, due to “discrete anomaly inflow.”Turns out DW “worldvolume physics” is quite 

In particular, in confining theories, DW between chiral broken vacua deconfine probe 
quarks & confining strings end on DWs.

First seen on R   x S  Anber-Sulejmanpasic-EP 2015 explicit semiclassics,3 1
 without relation to “anomaly inflow”.

1I. confining strings in QCD(adj) and dYM:
the picture or strings “made out” of DWs also implies that confining strings 
can end on DWs
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fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
od

e,
m

br
,

ca
n

b
e

es
ti

m
at

ed
by

ta
ki

n
g

th
e

se
c-

on
d

d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d ⇤
,

m
br

⇠
m

e�
4
⇡

2
2
n

f
/
g
2

.
T

h
e

b
re

at
h
er

m
od

e
m

as
s

m
br

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
qu

ar
ks

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2
,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
xe

s
w

h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
I
G
.
3
:

A
s
k
e
t
c
h

o
f
h
o
w

a
qq̄

p
a
ir

c
a
n

fu
s
e
in
t
o

t
h
e
D
W

(
fr
o
m

le
ft

t
o
r
ig
h
t
)
.
T
h
e
s
h
a
d
e
d
a
n
d
w
h
it
e
r
e
g
io
n
s
r
e
p
r
e
s
e
n
t

d
is
t
in
c
t
v
a
c
u
a
o
f
t
h
e
t
h
e
o
r
y
.
T
h
e
s
o
li
d
b
la
c
k
li
n
e
r
e
p
r
e
s
e
n
t
s

t
h
e
B
P
S
1
D
W

,
w
h
il
e
t
h
e
d
a
s
h
e
d
li
n
e
r
e
p
r
e
s
e
n
t
s
t
h
e
a
n
t
i-
B
P
S
2

D
W

,
w
h
il
e
t
h
e
a
r
r
o
w
s
r
e
p
r
e
s
e
n
t
t
h
e
ir

e
le
c
t
r
ic

fl
u
x
e
s
.

T
h
e

b
la
c
k
d
o
t
s
a
r
e
t
h
e
q
u
a
r
k
a
n
d

t
h
e
a
n
t
i-
q
u
a
r
k
.

T
h
e
in
la
y
in

t
h
e
u
p
p
e
r
le
ft

c
o
r
n
e
r
s
h
o
w
s
a
fu
n
d
a
m
e
n
t
a
l
s
t
r
in
g
e
n
d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2
,

w
h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x.

If
a

qu
ar

k
an

ti
-q

u
ar

k
(q

q̄)
p
ai

r
is

in
th

e
vi

ci
n
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

qq̄
p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

qq̄
p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

nt
of

th
e

D
W

lo
ca

li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

qu
ar

ks
ar

e
li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
qu

ar
ks

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

by
S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

qu
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

kn
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
yn

am
ic

s
is

u
n
d
er

st
oo

d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

nt
s.

A
ll

fi
el

d
s

in
(1

)
b
ec

om
e

N
c
�

1
d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c
)!

U
(1

)N
c
�

1
b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,�
)

=
ei

~ �
·H C

~ A
(
3
)

,w
it

h
~ �
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1
el

ec
tr

ic
ch

ar
ge

s)
,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

by
su

m
m

in
g

ov
er

al
l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,�

)i
⇠

e�
S

c
la

s
s
[�̄

(C
)]
,

w
it

h
th

e
m

ag
n
et

ic
b
io

n
p
ot

en
ti

al

L
bi

o
n

=
�

m
2
M

N
c

X i=
1

co
s
h (~↵

⇤ i
�

~↵
⇤ i+

1
(m

o
d

N
c
))

·~�
i

,
(3

)

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m
2
e�

cm
d
,

c�
1

(a
ca

lc
u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c>
1)

.
T

h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e�

m
d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f
>

1
th

e
C

ar
ta

n
co

m
p
on

en
ts

of
th

e
n

f
W

ey
l

ad
-

jo
in

ts
ar

e
m

as
sl

es
s,

d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f
)

ch
ir

al
sy

m
m

et
ry

.
T

h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d.
T

h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f
�

1
lo

op
or

d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m
2
� m M

� 4
n

f
(m

d)
�

4
n

f
+

4
,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e�

m
d

at
la

rg
e

d.
T

h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d)
M

m
+

R
T

M
m

e�
m

d
�

R
T

m
2
� m M

� 4
n

f
/

(m
d)

4
n

f
�

4
.

T
h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e�
m

d
⇠

e�
4
⇡

2
(4

n
f
+

1
)/

g
2

/(
m

d)
4
n

f
�

3
.

A
t

sm
al

l
g2

,
w

e
th

u
s

h
av

e
m

d ⇤
⇡

4⇡
2
(4

n
f

+
1)

/g
2
,

a
st

ab
le

w
al

l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d ⇤

of
th

e
st

ri
n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f
>

1
Q

C
D

(a
d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m
br

,
ca

n
b
e

es
ti

m
at

ed
b
y

ta
k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d ⇤
,

m
br

⇠
m

e�
4
⇡

2
2
n

f
/
g
2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

br

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2
,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
I
G
.
3
:

A
s
k
e
t
c
h

o
f
h
o
w

a
qq̄

p
a
ir

c
a
n

fu
s
e
in
t
o

t
h
e
D
W

(
fr
o
m

le
ft

t
o
r
ig
h
t
)
.
T
h
e
s
h
a
d
e
d
a
n
d
w
h
it
e
r
e
g
io
n
s
r
e
p
r
e
s
e
n
t

d
is
t
in
c
t
v
a
c
u
a
o
f
t
h
e
t
h
e
o
r
y
.
T
h
e
s
o
li
d
b
la
c
k
li
n
e
r
e
p
r
e
s
e
n
t
s

t
h
e
B
P
S
1
D
W

,
w
h
il
e
t
h
e
d
a
s
h
e
d
li
n
e
r
e
p
r
e
s
e
n
t
s
t
h
e
a
n
t
i-
B
P
S
2

D
W

,
w
h
il
e
t
h
e
a
r
r
o
w
s
r
e
p
r
e
s
e
n
t
t
h
e
ir

e
le
c
t
r
ic

fl
u
x
e
s
.

T
h
e

b
la
c
k
d
o
t
s
a
r
e
t
h
e
q
u
a
r
k
a
n
d

t
h
e
a
n
t
i-
q
u
a
r
k
.

T
h
e
in
la
y
in

t
h
e
u
p
p
e
r
le
ft

c
o
r
n
e
r
s
h
o
w
s
a
fu
n
d
a
m
e
n
t
a
l
s
t
r
in
g
e
n
d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2
,

w
h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x
.

If
a

q
u
ar

k
an

ti
-q

u
ar

k
(q

q̄)
p
ai

r
is

in
th

e
v
ic

in
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

qq̄
p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

qq̄
p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

n
t

of
th

e
D

W
lo

ca
li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

q
u
ar

k
s

ar
e

li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
q
u
ar

k
s

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

b
y

S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

q
u
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

k
n
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
y
n
am

ic
s

is
u
n
d
er

st
o
o
d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

n
ts

.
A

ll
fi
el

d
s

in
(1

)
b
ec

om
e

N
c
�

1
d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c
)!

U
(1

)N
c
�

1
b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,�
)

=
ei

~ �
·H C

~ A
(
3
)

,
w

it
h

~ �
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1
el

ec
tr

ic
ch

ar
ge

s)
,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

b
y

su
m

m
in

g
ov

er
al

l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,�

)i
⇠

e�
S

c
la

s
s
[�̄

(C
)]
,

w
it

h
th

e
m

ag
n
et

ic
b
io

n
p
ot

en
ti

al

L
bi

o
n

=
�

m
2
M

N
c

X i=
1

co
s
h (~↵

⇤ i
�

~↵
⇤ i+

1
(m

o
d

N
c
))

·~�
i

,
(3

)

<

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m
2
e�

cm
d
,

c�
1

(a
ca

lc
u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c>
1)

.
T

h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e�

m
d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f
>

1
th

e
C

ar
ta

n
co

m
p
on

en
ts

of
th

e
n

f
W

ey
l

ad
-

jo
in

ts
ar

e
m

as
sl

es
s,

d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f
)

ch
ir

al
sy

m
m

et
ry

.
T

h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d.
T

h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f
�

1
lo

op
or

d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m
2
� m M

� 4
n

f
(m

d)
�

4
n

f
+

4
,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e�

m
d

at
la

rg
e

d.
T

h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d)
M

m
+

R
T

M
m

e�
m

d
�

R
T

m
2
� m M

� 4
n

f
/

(m
d)

4
n

f
�

4
.

T
h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e�
m

d
⇠

e�
4
⇡

2
(4

n
f
+

1
)/

g
2

/(
m

d)
4
n

f
�

3
.

A
t

sm
al

l
g2

,
w

e
th

u
s

h
av

e
m

d ⇤
⇡

4⇡
2
(4

n
f

+
1)

/g
2
,

a
st

ab
le

w
al

l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d ⇤

of
th

e
st

ri
n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f
>

1
Q

C
D

(a
d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m
br

,
ca

n
b
e

es
ti

m
at

ed
b
y

ta
k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d ⇤
,

m
br

⇠
m

e�
4
⇡

2
2
n

f
/
g
2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

br

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2
,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
I
G
.
3
:

A
s
k
e
t
c
h

o
f
h
o
w

a
qq̄

p
a
ir

c
a
n

fu
s
e
in
t
o

t
h
e
D
W

(
fr
o
m

le
ft

t
o
r
ig
h
t
)
.
T
h
e
s
h
a
d
e
d
a
n
d
w
h
it
e
r
e
g
io
n
s
r
e
p
r
e
s
e
n
t

d
is
t
in
c
t
v
a
c
u
a
o
f
t
h
e
t
h
e
o
r
y
.
T
h
e
s
o
li
d
b
la
c
k
li
n
e
r
e
p
r
e
s
e
n
t
s

t
h
e
B
P
S
1
D
W

,
w
h
il
e
t
h
e
d
a
s
h
e
d
li
n
e
r
e
p
r
e
s
e
n
t
s
t
h
e
a
n
t
i-
B
P
S
2

D
W

,
w
h
il
e
t
h
e
a
r
r
o
w
s
r
e
p
r
e
s
e
n
t
t
h
e
ir

e
le
c
t
r
ic

fl
u
x
e
s
.

T
h
e

b
la
c
k
d
o
t
s
a
r
e
t
h
e
q
u
a
r
k
a
n
d

t
h
e
a
n
t
i-
q
u
a
r
k
.

T
h
e
in
la
y
in

t
h
e
u
p
p
e
r
le
ft

c
o
r
n
e
r
s
h
o
w
s
a
fu
n
d
a
m
e
n
t
a
l
s
t
r
in
g
e
n
d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2
,

w
h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x
.

If
a

q
u
ar

k
an

ti
-q

u
ar

k
(q

q̄)
p
ai

r
is

in
th

e
v
ic

in
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

qq̄
p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

qq̄
p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

n
t

of
th

e
D

W
lo

ca
li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

q
u
ar

k
s

ar
e

li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
q
u
ar

k
s

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

b
y

S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

q
u
en

tl
y

ex
p
lo

re
d

fr
om

m
o
d
el

in
g

th
e

e↵
ec

ti
ve

ac
ti

on
s

of
th

e
P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

k
n
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
y
n
am

ic
s

is
u
n
d
er

st
o
o
d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

n
ts

.
A

ll
fi
el

d
s

in
(1

)
b
ec

om
e

N
c
�

1
d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c
)!

U
(1

)N
c
�

1
b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,�
)

=
ei

~ �
·H C

~ A
(
3
)

,
w

it
h

~ �
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1
el

ec
tr

ic
ch

ar
ge

s)
,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

b
y

su
m

m
in

g
ov

er
al

l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,�

)i
⇠

e�
S

c
la

s
s
[�̄

(C
)]
,

w
it

h
th

e
m

ag
n
et

ic
b
io

n
p
ot

en
ti

al

L
bi

o
n

=
�

m
2
M

N
c

X i=
1

co
s
h (~↵

⇤ i
�

~↵
⇤ i+

1
(m

o
d

N
c
))

·~�
i

,
(3

)

3

b
ac

kg
ro

u
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m
2
e�

cm
d
,

c�
1

(a
ca

lc
u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

qu
ir

in
g

so
m

e
m

il
d

b
ac

kg
ro

u
n
d

m
od

el
in

g
ev

en
fo

r
p
ar

al
le

l
w

al
ls

,
yi

el
d
s

at
tr

ac
ti

on
w

it
h

c>
1)

.
T

h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

by
an

“~
”⇠

m M
lo

op
su

p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e�

m
d

d
om

in
at

es
.

T
hu

s,
in

S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

by
th

e
fe

rm
io

n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
nt

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
hy

si
cs

is
d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

nt
ra

st
to

S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f
>

1
th

e
C

ar
ta

n
co

m
p
on

en
ts

of
th

e
n

f
W

ey
l

ad
-

jo
in

ts
ar

e
m

as
sl

es
s,

d
u
e

to
th

e
u
nb

ro
ke

n
S

U
(n

f
)

ch
ir

al
sy

m
m

et
ry

.
T

hu
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d.
T

h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

oc
-

cu
rs

at
2n

f
�

1
lo

op
or

d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m
2
� m M

� 4
n

f
(m

d)
�

4
n

f
+

4
,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e�

m
d

at
la

rg
e

d.
T

h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

od
el

,w
it

h
fe

rm
io

n
at

tr
ac

ti
on

in
cl

u
d
ed

,

is
S

=
R

(T
+

d)
M

m
+

R
T

M
m

e�
m

d
�

R
T

m
2
� m M

� 4
n

f
/

(m
d)

4
n

f
�

4
.

T
h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
oe

s
n
ot

co
nt

ri
b
u
te

fo
r

la
rg

e
T

)
is

n
ow

e�
m

d
⇠

e�
4
⇡

2
(4

n
f
+

1
)/

g
2

/(
m

d)
4
n

f
�

3
.

A
t

sm
al

l
g2

,
w

e
th

u
s

h
av

e
m

d ⇤
⇡

4⇡
2
(4

n
f

+
1)

/g
2
,

a
st

ab
le

w
al

l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d ⇤

of
th

e
st

ri
n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

qu
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f
>

1
Q

C
D

(a
d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
od

e,
th

e
“b

re
at

h
er

”
m

od
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
od

e,
m

br
,

ca
n

b
e

es
ti

m
at

ed
by

ta
ki

n
g

th
e

se
c-

on
d

d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d ⇤
,

m
br

⇠
m

e�
4
⇡

2
2
n

f
/
g
2

.
T

h
e

b
re

at
h
er

m
od

e
m

as
s

m
br

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
qu

ar
ks

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2
,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
xe

s
w

h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
I
G
.
3
:

A
s
k
e
t
c
h

o
f
h
o
w

a
qq̄

p
a
ir

c
a
n

fu
s
e
in
t
o

t
h
e
D
W

(
fr
o
m

le
ft

t
o
r
ig
h
t
)
.
T
h
e
s
h
a
d
e
d
a
n
d
w
h
it
e
r
e
g
io
n
s
r
e
p
r
e
s
e
n
t

d
is
t
in
c
t
v
a
c
u
a
o
f
t
h
e
t
h
e
o
r
y
.
T
h
e
s
o
li
d
b
la
c
k
li
n
e
r
e
p
r
e
s
e
n
t
s

t
h
e
B
P
S
1
D
W

,
w
h
il
e
t
h
e
d
a
s
h
e
d
li
n
e
r
e
p
r
e
s
e
n
t
s
t
h
e
a
n
t
i-
B
P
S
2

D
W

,
w
h
il
e
t
h
e
a
r
r
o
w
s
r
e
p
r
e
s
e
n
t
t
h
e
ir

e
le
c
t
r
ic

fl
u
x
e
s
.

T
h
e

b
la
c
k
d
o
t
s
a
r
e
t
h
e
q
u
a
r
k
a
n
d

t
h
e
a
n
t
i-
q
u
a
r
k
.

T
h
e
in
la
y
in

t
h
e
u
p
p
e
r
le
ft

c
o
r
n
e
r
s
h
o
w
s
a
fu
n
d
a
m
e
n
t
a
l
s
t
r
in
g
e
n
d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2
,

w
h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x.

If
a

qu
ar

k
an

ti
-q

u
ar

k
(q

q̄)
p
ai

r
is

in
th

e
vi

ci
n
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

qq̄
p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

qq̄
p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee

t.
T

h
is

is
re

m
in

is
ce

nt
of

th
e

D
W

lo
ca

li
za

ti
on

,
w

h
er

e
a

th
eo

ry
in

th
e

D
W

w
or

ld
-

sh
ee

t
is

in
C

ou
lo

m
b

p
h
as

e,
so

th
at

qu
ar

ks
ar

e
li
b
er

at
ed

[2
7]

.
W

e
al

so
n
ot

e
th

at
in

a
ce

rt
ai

n
H

ig
gs

va
cu

u
m

of
4d

th
eo

ri
es

,
m

on
op

ol
e–

an
ti

-m
on

op
ol

e
p
ai

rs
h
av

e
su

p
p
or

t
on

st
ab

le
n
on

-a
b
el

ia
n

st
ri

n
gs

[2
8,

29
].

D
ec

on
fi
n
em

en
t

of
qu

ar
ks

on
th

e
D

W
al

so
im

p
li
es

th
at

st
ri

n
gs

ca
n

en
d

on
D

W
s

(s
ee

in
la

y
of

F
ig

.
3)

.
In

M
Q

C
D

,
S
Y

M
st

ri
n
gs

h
av

e
b
ee

n
ar

gu
ed

to
en

d
on

D
W

s
an

d
a

h
eu

ri
st

ic
ex

p
la

n
at

io
n

by
S
.-
J.

R
ey

[3
0]

,
u
si

n
g

th
e

va
c-

u
u
m

st
ru

ct
u
re

an
d

id
ea

s
ab

ou
t

co
n
fi
n
em

en
t,

is
gi

ve
n

in
[3

1]
.

T
h
e

p
h
en

om
en

on
w

as
su

b
se

qu
en

tl
y

ex
p
lo

re
d

fr
om

m
od

el
in

g
th

e
e↵

ec
ti

ve
ac

ti
on

s
of

th
e

P
ol

ya
ko

v
lo

op
an

d
ga

u
gi

n
o

co
n
d
en

sa
te

s
[3

2]
.

H
er

e,
w

e
fo

u
n
d
—

fo
r

th
e

fi
rs

t
ti

m
e,

to
th

e
b
es

t
of

ou
r

kn
ow

le
d
ge

—
an

ex
p
li
ci

t
re

al
iz

a-
ti

on
of

th
is

p
h
en

om
en

on
in

a
fi
el

d
th

eo
ry

se
tt

in
g

w
h
er

e
th

e
co

n
fi
n
in

g
d
yn

am
ic

s
is

u
n
d
er

st
oo

d
.

O
u
r

d
is

cu
ss

io
n

of
co

n
fi
n
in

g
st

ri
n
gs

in
Q

C
D

(a
d
j)

ge
n
er

-
al

iz
es

to
th

e
h
ig

h
er

-r
an

k
ca

se
.

W
e

sh
al

l
fo

cu
s

on
ly

on
a

fe
w

sa
li
en

t
p
oi

nt
s.

A
ll

fi
el

d
s

in
(1

)
b
ec

om
e

N
c
�

1
d
im

en
-

si
on

al
ve

ct
or

s,
d
es

cr
ib

in
g

th
e

li
gh

t
d
eg

re
es

of
fr

ee
d
om

le
ft

af
te

r
S

U
(N

c
)!

U
(1

)N
c
�

1
b
re

ak
in

g.
It

su
�

ce
s

to
st

u
d
y

th
e

op
er

at
or

W
(C

,�
)

=
ei

~ �
·H C

~ A
(
3
)

,w
it

h
~ �
—

a
w

ei
gh

t
of

R
(a

ve
ct

or
of

U
(1

)N
c
�

1
el

ec
tr

ic
ch

ar
ge

s)
,
as

th
e

tr
ac

e
of

th
e

W
il
so

n
lo

op
is

ob
ta

in
ed

by
su

m
m

in
g

ov
er

al
l
w

ei
gh

ts
of

R
.

A
s

in
(1

),
se

m
ic

la
ss

ic
al

ly
hW

(C
,�

)i
⇠

e�
S

c
la

s
s
[�̄

(C
)]
,

w
it

h
th

e
m

ag
n
et

ic
b
io

n
p
ot

en
ti

al

L b
io

n
=

�
m

2
M

N
c

X i=
1

co
s
h (~↵

⇤ i
�

~↵
⇤ i+

1
(m

o
d

N
c
))

·~�
i

,
(3

)

3

b
ac

k
gr

ou
n
d
,

w
it

h
ex

p
on

en
ti

al
fa

ll
o↵

aw
ay

fr
om

th
e

w
al

l.
B

ec
au

se
of

th
e

ga
p

m
in

th
e

b
u
lk

,
th

e
fe

rm
io

n
in

d
u
ce

d
w

al
l-
w

al
l
in

te
ra

ct
io

n
is

ex
p
ec

te
d

to
b
e

ex
p
on

en
-

ti
al

ly
su

p
p
re

ss
ed

,
⇠

m
2
e�

cm
d
,

c�
1

(a
ca

lc
u
la

ti
on

of
th

e
d
et

er
m

in
an

t,
re

q
u
ir

in
g

so
m

e
m

il
d

b
ac

k
gr

ou
n
d

m
o
d
el

in
g

ev
en

fo
r

p
ar

al
le

l
w

al
ls

,
y
ie

ld
s

at
tr

ac
ti

on
w

it
h

c>
1)

.
T

h
e

fe
rm

io
n
-i
n
d
u
ce

d
ex

p
on

en
ti

al
in

te
ra

ct
io

n
at

la
rg

e
d

is
fu

r-
th

er
ac

co
m

p
an

ie
d

b
y

an
“~

”⇠
m M

lo
op

su
p
p
re

ss
io

n
fa

ct
or

,
h
en

ce
th

e
cl

as
si

ca
l

b
os

on
ic

re
p
u
ls

io
n

b
et

w
ee

n
th

e
w

al
ls

⇠
M

m
e�

m
d

d
om

in
at

es
.

T
h
u
s,

in
S
Y

M
th

e
lo

ga
ri

th
m

ic
gr

ow
th

of
th

e
tr

an
sv

er
se

st
ri

n
g

si
ze

is
n
ot

a↵
ec

te
d

b
y

th
e

fe
rm

io
n
s.

T
h
e

lo
g

R
gr

ow
th

of
th

e
st

ri
n
g

tr
an

sv
er

se
si

ze
is

re
m

in
is

ce
n
t

of
th

e
b
eh

av
io

r
of

m
ag

n
et

ic
st

ri
n
gs

(A
N

O
vo

rt
ic

es
)
w

h
ic

h
co

n
fi
n
e

m
on

op
ol

es
on

th
e

H
ig

gs
b
ra

n
ch

of
N

=
2

S
Q

C
D

[2
4]

.
H

ow
ev

er
,
th

e
u
n
d
er

ly
in

g
se

m
ic

la
ss

ic
al

p
h
y
si

cs
is

d
i↵

er
en

t;
in

p
ar

ti
cu

la
r,

as
op

p
os

ed
to

[2
4]

,
ou

r
st

ri
n
gs

ob
ey

th
e

u
su

al
ar

ea
la

w
w

it
h

te
n
si

on
⇠

M
m

.

In
co

n
tr

as
t

to
S
Y

M
,
in

n
on

-s
u
p
er

sy
m

m
et

ri
c

Q
C

D
(a

d
j)

w
it

h
n

f
>

1
th

e
C

ar
ta

n
co

m
p
on

en
ts

of
th

e
n

f
W

ey
l

ad
-

jo
in

ts
ar

e
m

as
sl

es
s,

d
u
e

to
th

e
u
n
b
ro

ke
n

S
U

(n
f
)

ch
ir

al
sy

m
m

et
ry

.
T

h
u
s,

d
es

p
it

e
th

e
fa

ct
th

at
th

ei
r

in
te

ra
ct

io
n

w
it

h
th

e
w

al
l
in

(2
)

is
h
ig

h
ly

su
p
p
re

ss
ed

,
th

ey
in

d
u
ce

a
p
ow

er
-l
aw

fo
rc

e
co

m
p
et

in
g

w
it

h
th

e
ex

p
on

en
ti

al
re

p
u
l-

si
on

at
la

rg
e

d.
T

h
e

le
ad

in
g

e↵
ec

t
of

th
e

fe
rm

io
n
s

o
c-

cu
rs

at
2n

f
�

1
lo

op
or

d
er

;
it

s
ca

lc
u
la

ti
on

,
of

w
h
ic

h
w

e
ju

st
gi

ve
th

e
re

su
lt

,
is

si
m

il
ar

in
sp

ir
it

to
C

as
im

ir
en

-
er

gy
ca

lc
u
la

ti
on

s.
F
er

m
io

n
lo

op
s

ar
e

fo
u
n
d

to
ge

n
er

at
e

a
w

al
l-
w

al
l

at
tr

ac
ti

on
at

la
rg

e
d.

P
er

u
n
it

vo
lu

m
e,

it
is

⇠
�

m
2
� m M

� 4
n

f
(m

d)
�

4
n

f
+

4
,
d
om

in
at

in
g

th
e

b
os

on
ic

re
-

p
u
ls

io
n

⇠
M

m
e�

m
d

at
la

rg
e

d.
T

h
e

ex
p
re

ss
io

n
fo

r
th

e
ac

ti
on

of
ou

r
to

y
m

o
d
el

,
w

it
h

fe
rm

io
n

at
tr

ac
ti

on
in

cl
u
d
ed

,

is
S

=
R

(T
+

d)
M

m
+

R
T

M
m

e�
m

d
�

R
T

m
2
� m M

� 4
n

f
/

(m
d)

4
n

f
�

4
.

T
h
e

ex
tr

em
u
m

co
n
d
it

io
n

(t
o

w
h
ic

h
th

e
ar

ea
te

rm
d
o
es

n
ot

co
n
tr

ib
u
te

fo
r

la
rg

e
T

)
is

n
ow

e�
m

d
⇠

e�
4
⇡

2
(4

n
f
+

1
)/

g
2

/(
m

d)
4
n

f
�

3
.

A
t

sm
al

l
g2

,
w

e
th

u
s

h
av

e
m

d ⇤
⇡

4⇡
2
(4

n
f

+
1)

/g
2
,

a
st

ab
le

w
al

l-
w

al
l

se
p
ar

at
io

n
p
ar

am
et

ri
ca

ll
y

la
rg

e
co

m
p
ar

ed
to

th
e

si
n
gl

e
d
om

ai
n

w
al

l
w

id
th

.
N

u
m

er
ic

al
co

n
fi
rm

at
io

n
of

th
e

st
ab

il
iz

ed
tr

an
s-

ve
rs

e
si

ze
d ⇤

of
th

e
st

ri
n
g

is
ch

al
le

n
gi

n
g,

b
u
t
ou

r
es

ti
m

at
e

of
th

e
si

ze
st

ab
il
iz

at
io

n
is

re
li
ab

le
at

sm
al

l
g

an
d

la
rg

e
R

.

A
s
a

co
n
se

q
u
en

ce
of

th
e

st
ab

il
iz

ed
tr

an
sv

er
se

si
ze

of
th

e
co

n
fi
n
in

g
st

ri
n
g

in
n

f
>

1
Q

C
D

(a
d
j)

,
th

e
se

co
n
d

tr
an

sl
a-

ti
on

al
G

ol
d
st

on
e

m
o
d
e,

th
e

“b
re

at
h
er

”
m

o
d
e

of
th

e
tw

o
w

al
ls

,
is

n
ow

ga
p
p
ed

ev
en

at
in

fi
n
it

e
R

.
T

h
e

ga
p

fo
r

th
is

m
o
d
e,

m
br

,
ca

n
b
e

es
ti

m
at

ed
b
y

ta
k
in

g
th

e
se

c-
on

d
d
er

iv
at

iv
e

of
th

e
w

al
l-
w

al
l

in
te

ra
ct

io
n

p
ot

en
ti

al
at

d ⇤
,

m
br

⇠
m

e�
4
⇡

2
2
n

f
/
g
2

.
T

h
e

b
re

at
h
er

m
o
d
e

m
as

s
m

br

is
a

n
ew

sc
al

e
on

th
e

st
ri

n
g

w
or

ld
sh

ee
t,

w
el

l
b
el

ow
th

e
“g

lu
eb

al
l”

—
th

e
b
u
lk

m
as

s
ga

p
m

fo
r

ga
u
ge

fl
u
ct

u
at

io
n
s.

T
h
e

fa
ct

th
at

th
e

st
ri

n
gs

ar
e

co
m

p
os

ed
ou

t
of

d
om

ai
n

w
al

ls
(D

W
)

–
a

si
tu

at
io

n
op

p
os

it
e

to
w

h
at

w
as

su
gg

es
te

d
in

[2
5]

–
h
as

d
ra

st
ic

im
p
li
ca

ti
on

s
on

h
ow

th
e

fu
n
d
am

en
-

ta
l
q
u
ar

k
s

in
te

ra
ct

w
it

h
D

W
s.

F
or

S
U

(2
)

th
er

e
ar

e
tw

o
ty

p
es

of
D

W
s,

w
h
ic

h
w

e
la

b
el

B
P

S
1

an
d

B
P

S
2
,
an

d
th

ei
r

an
ti

-w
al

ls
.

T
h
e

d
is

ti
n
ct

io
n

is
in

th
e

el
ec

tr
ic

fl
u
x
es

w
h
ic

h
th

ey
ca

rr
y,

b
u
t

th
ey

b
ot

h
sa

ti
sf

y
th

e
sa

m
e

B
P

S
eq

u
a-

ti
on

,
e.

g.
[2

6]
.

T
h
e

fu
n
d
am

en
ta

l
st

ri
n
g

is
m

ad
e

ou
t

of

2
)

1
)

3
)

F
I
G
.
3
:

A
s
k
e
t
c
h

o
f
h
o
w

a
qq̄

p
a
ir

c
a
n

fu
s
e
in
t
o

t
h
e
D
W

(
fr
o
m

le
ft

t
o
r
ig
h
t
)
.
T
h
e
s
h
a
d
e
d
a
n
d
w
h
it
e
r
e
g
io
n
s
r
e
p
r
e
s
e
n
t

d
is
t
in
c
t
v
a
c
u
a
o
f
t
h
e
t
h
e
o
r
y
.
T
h
e
s
o
li
d
b
la
c
k
li
n
e
r
e
p
r
e
s
e
n
t
s

t
h
e
B
P
S
1
D
W

,
w
h
il
e
t
h
e
d
a
s
h
e
d
li
n
e
r
e
p
r
e
s
e
n
t
s
t
h
e
a
n
t
i-
B
P
S
2

D
W

,
w
h
il
e
t
h
e
a
r
r
o
w
s
r
e
p
r
e
s
e
n
t
t
h
e
ir

e
le
c
t
r
ic

fl
u
x
e
s
.

T
h
e

b
la
c
k
d
o
t
s
a
r
e
t
h
e
q
u
a
r
k
a
n
d

t
h
e
a
n
t
i-
q
u
a
r
k
.

T
h
e
in
la
y
in

t
h
e
u
p
p
e
r
le
ft

c
o
r
n
e
r
s
h
o
w
s
a
fu
n
d
a
m
e
n
t
a
l
s
t
r
in
g
e
n
d
in
g
o
n
a

D
W

.

th
e

B
P

S
1

an
d

an
an

ti
-B

P
S

2
,

w
h
er

e
ea

ch
ca

rr
ie

s
1/

2
of

th
e

fu
n
d
am

en
ta

l
el

ec
tr

ic
fl
u
x
.

If
a

q
u
ar

k
an

ti
-q

u
ar

k
(q

q̄)
p
ai

r
is

in
th

e
v
ic

in
it
y

of
th

e
D

W
,
h
ow

ev
er

,
th

e
D

W
fl
u
x

ca
n

ca
n
ce

l
p
ar

t
of

th
e

fl
u
x

of
a

qq̄
p
ai

r,
an

d
ab

so
rb

it
in

to
it

s
w

or
ld

sh
ee

t,
se

e
F
ig

.
3.

T
h
e

qq̄
p
ai

r
on

th
e

D
W

w
ou

ld
th

en
b
e

li
b
er

at
ed

,
as

al
l
th

e
te

n
si

on
of

th
e

p
ai

r
h
as

b
ee

n
ab

so
rb

ed
in

to
th

e
D

W
te

n
si

on
.

T
h
is

le
ad

s
to

d
e-

co
n
fi
n
em

en
t

in
th

e
D

W
w

or
ld

sh
ee
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QQ* pair
fuses with 
wall 

Q’s deconfined 
on DWs

DW

string ends 
on DW

Q

an electric example of strings and branes “from flesh and blood” (Shifman-Yung all magnetic) 

pull Q* to 
infinity

2 large-N SYM:  BPS wall tension ~ N, not N , so “D-brane like” (think g_string ~1/N)

here: pure QFT, no large-N, no SUSY/BPS (small-L instead), explicit, not heuristic, picture

S.-J. Rey/Witten 1997/  

3 oblique confinement (heuristic!): wall supports free quarks so confining strings can end on it 

1 MQCD: string (M2) ends on DW (some wrapped M5)
2

after Unsal 2007-



>P   vacuum-th P+1   vacuum-th

W

Figure 1. Two DW vacua (4.2) separated by a fundamental quark worldline (Euclidean). As explained
in Section 3, W can be viewed as the end of a confining string worldsheet extending into the R3 bulk.
The picture holds in the high-T DW on R3

⇥ S
1
� , associated with center symmetry breaking. It also

applies in the zero-T R3
⇥ S1L, in the semiclassically calculable ⇤NL ⌧ 1 regime, where the DW is

associated with chiral symmetry breaking. In both the small-� and small-L case, the DW worldvolume
is 2-D. In the small-L case, the N P -vacua are represented by distinct semiclassical DW solutions (N
such solutions are known to exist for k = 1), each carrying one-half the fundamental quark flux, see
[17, 57–59] for details. The resemblance between the small-� and small-L cases is because the relevant
’t Hooft anomalies on the DW are saturated in a similar mode. Note that on R3

⇥ S1L, confinement in
the R3 bulk is abelian [60], in contrast to the small-� case.

hold on DW between chirally broken vacua of super-YM in the calculable regime on R3
⇥ S1.

While a TQFT description was not given in [17], here we note that (4.4) can also be used

there, with the 0-form ZN of the TQFT being the 0-form center symmetry along the compact

S1 (unbroken in the bulk, but broken on the DW). The 1-form ZN is the same bulk-R3 center

symmetry as in the present high-T discussion, see Figure 1 for an illustration.

Continuing with the high-T theory, in order to see that the topological “chiral lagrangian”

(4.4) matches the mixed anomaly, consider gauging the 1-form center symmetry via the 2-

form ZN gauge field B
(2) (reverting back to Euclidean space and rearranging factors of N

and 2⇡ in (4.4) for convenience):

S2�D = i
2⇡

N

Z

M2

N'
(0)

2⇡
^
N(da(1) �B

(2))

2⇡
, (4.6)

consistent with the gauged 1-form invariance a(1) ! a
(1)+�

(1) and B
(2)

! B
(2)+d�

(1). As per

our earlier discussion (see Footnote 15) the 1-form transformation parameter has quantized

flux
H
d�

(1)
2 2⇡Z and

H
B

(2) = 2⇡Z
N

.25 Under a chiral transformation �'
(0) = 2⇡

N
, in the

25Now the a
(1) Wilson loop observable e

i
H
C a(1)

requires a surface ⌃ bounding C (C = @⌃) in order to

preserve the 1-form gauge invariance e
i(
H
C a(1)�

R
⌃ B(2)). Its N -th power, on the other hand, is a genuine local

operator, ei(N
H
C a(1)�

H
C B(1)), see footnote 15.
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Z(0)
2N

J = ei!2NQtop.

Qtop =
n12n34

N

n12 = 1

J
Z

(0)
2N

= ei2⇡Qtop. = ei
2⇡
N n12n34

�a
↵ ! ei

2⇡
2N �a

↵

�a
↵ ! ei!�a

↵

U(x, µ̂) ! ei
2⇡
N nµ U(x, µ̂)

U(1)R ⇥ Z(1)
N

F (p)
µ⌫ ⇠ TrFµ⌫⌃

p

Problem 5 (14 marks) The partition function of a simple harmonic oscillator in equilibrium with

a thermal bath of temperature T is Z(1, T ) ⌘
1P
n=0

e�
nhf
kT =

⇣
1� e�

hf
kT

⌘�1

. Here, f is the frequency

of the oscillator, h is Planck’s constant, and k—the Boltzmann constant. Use this result to find

the partition function Z(N, T ) , and then the entropy S(N, T ) of an Einstein solid of N oscillators,

all of frequency f . For simplicity, consider only the high-temperature limit. Then, express the

entropy as a function of the average energy E of the solid, i.e. find S(N,E). Compare with the

entropy obtained as a logarithm of the multiplicity function of the Einstein solid known from class

’t Hooft anomaly on worldvolume

1
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Problem 5 (14 marks) The partition function of a simple harmonic oscillator in equilibrium with

a thermal bath of temperature T is Z(1, T ) ⌘
1P
n=0

e�
nhf
kT =

⇣
1� e�

hf
kT

⌘�1

. Here, f is the frequency

of the oscillator, h is Planck’s constant, and k—the Boltzmann constant. Use this result to find

the partition function Z(N, T ) , and then the entropy S(N, T ) of an Einstein solid of N oscillators,

all of frequency f . For simplicity, consider only the high-temperature limit. Then, express the

entropy as a function of the average energy E of the solid, i.e. find S(N,E). Compare with the

entropy obtained as a logarithm of the multiplicity function of the Einstein solid known from class

(log⌦(N, p) = (N�1+p)!
(N�1)! p! ), evaluated in the p � N limit, where p is the total number of quanta of the

Einstein solid. Are you surprised by the result? Explain!

Problem 6 (12 marks) Consider a paramagnet made ofN spin-1/2 magnetic moments in thermal

equilibrium at temperature T . Let the energy of a single magnetic moment be E = �2BµBs, where
s = ±1

2 denotes the value of the spin, µB is the Bohr magneton, and B is the strength of the applied

magnetic field. Determine the average energy hEi and the average of the square of the energy hE2i.
Compute the standard deviation �2

E ⌘ hE2i� (hEi)2 and use it to determine the ratio

p
�2
E

hEi . Discuss

the physical meaning of this ratio, its behaviour in the large-N limit, and explain the significance of

your finding.

Problem 7 (14 marks) An ideal gas of N particles of mass µ at temperature T is constrained

to move in the x � y plane, making the gas e↵ectively two-dimensional. Use a heuristic argument

to determine the Maxwell speed distribution of this two dimensional gas. In other words, find
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R  bulk3

quarks deconfined on k-wall

[Aharony, Witten 1999;…]

here, QFT: 2d YM with  
massless fermions screens

[Schwinger model - many; nonabelian - 
Gross, Klebanov, Matytsin, Smilga 1995;  
Armoni, Frishman, Sonnenschein 1997;… ]

fermion condensate on k-wall
k-wall

1
2

z
x

first via holography: F1 on D1 

so we find “D-branes” and “strings”, once again, in QFT

y

Also in high-T DW (semiclassical incarnation of center vortices!) between 
center broken vacua, similar story: “deconfine” probe quarks & confining 
strings end on DWs, Anber--EP 2018



Summary
 Higher form symmetry   1-form symmetry   center symmetry 

 this talk  
Gauging center symmetry (nondynamical background fields) leads to 
new ’t Hooft consistency conditions, due to new mixed anomalies 
involving center symmetry - missed in the 1980’s!

These consistency conditions constrain IR phases of gauge theories 
to be “nontrivial.” 

They also imply that, whenever domain walls exist, their worldvolume 
physics is quite nontrivial: discrete version of “anomaly inflow.”

1.

2.

3.
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Ex.: QCD(adj), rich… (also other 2-index reps)

Ex.: high-T and low-T DWs worldvolume

Ex.: solvable 2D model-Hamiltonian, Eucl., bosoniz….

Hopefully, you find some of this useful in the future! 


