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Maxwell Stress Tensor

The Maxwell stress tensor of the electromagnetic field has a form

1 1 ' '
Oap = E{EaEﬁ_i_HaHﬂ_Eéaﬁ (E2+H2)} (1)

Here «, 8 are spacial indices. .
In particular, for a constant electric field directed along the z-axis, the stress tensor takes the form

L/-E2 0 0
e ( 0 —E2 0 ) . @)
St \ o o0 EZ

Question: what is the meaning of the stress tensor? In particular, why is it that even though the field is along the
z-axis, the stress tensor has components along z and y axes, of opposite sign to that along the z-axis.

The meaning of stress tensor, as discussed in elasticity theory, is the following. The integral over a closed surface
gives the total force acting on this volume

j'{ dnPons = / dVF., 3)

where n? is the vector normal to the surface and pointing in the outward direction.

In particular, the components —0,. can be interpreted as pressure in the a-direction. The minus sign signifies the
fact that, at positive pressure, we must apply the force ”inward” to keep the material from expanding.

Going back to the electric field case, we recall that it is not just the stress tensor of the electric field which is
conserved, but the total of the electric field and of the charges which created it. Thus, we have to consider the
combined system of the charges and the electric field.

To create the constant electric field, we consider a capacitor, with large plates of lengths L, and L,, and the
distance between the places d < L, L,,, with the charge @ and —Q on opposite plates. The electric field inside this
capacitor is

4rQ
=S L.Ly,’ @)

and it is pointed along the z-direction. It is clear that the opposite plates of the capacitor attract each other, in
other words, the capacitor experiences negative pressure in the z-direction. It is also clear that the charges on a given
plate of a capacitor repel each other. In other words, the capacitor should experience positive pressure in the £ and
y directions, or if the charges of the plates were simply floating in space, they would of course fly apart. This is the
qualitative explanation of the form of the stress tensor (2).

To make the argument more quantitative, we calculate the attractive force between the plates. It’s easiest to do by
calculating the energy of the field '

E? 2ndQ?
&= o LyLyd = oLy (5)

The force in the z-direction is given by the derivative of the energy with respect to d, and the pressure is the force
divided by the area, thus

P _% 1 2 Q?
% 8d L,L, (LzLy)2

=0z (6)

At the same time, the force trying to tear the capacitor’s plates apart is given by the derivative of £ with respect
to Ly or Ly while the pressure is again obtained by dividing by the area (dL, in this case) and is given by

B 1 2rQ?

ST R

O-II (7)
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