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Problem 1 

1) (30 pts) The kinetic term ½8µ¢i8µ¢i for N real scalar fields is inariant under 

a 
 
symmmetry ¢i ➔ Oijc/>j , i, j = l, ... , N, where or

o = I i.e. the symmetrygroup is O(N). When N is even this group contains the subgroup U(N /2) x 
U(N/2). For N = 4 define the complex basis of fields cp = �(¢1 + i¢2), 'ljJ = 
�( ¢3 + i¢4) and construct the 2 x 2 complex matrix 

� = (: !;. )
In terms of this observe that the reality condition on the fields ¢i translates 
to the condition (i)cl> c:cI>*c = cI> (c = ia2) and the O(N) invariant form is 
(ii)</>T </> = -2detcI> . Show that these conditions (i), (ii) are preserved by

a) ti> ➔ Utl>,
b) cI> ➔ tl>V.

for arbitrary unitary matrices U, V with unit determinant. This shows by ex
plicit construction that 0( 4) is actually equivalent to SU(2) x SU(2). Some
times these are referred to as left/right SU(2)'s since the first/second acts by 
multiplication on the left/right. 2) (10+ 10 pts) Consider a theory with one Ma
jorana fermion 'ljJ and two real scalar fields cp, x subject to the transformations 

8'ljJ ➔ iw15'l/J, 8cp ➔ 2wx, 8x ➔ -2wcp 

for w an infinitesimal constant parameter. Write down the most general renor
malizable (i.e. with operator dimension less than equal to four) for this set of 
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